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Our goal: create high-quality 
diagrams directly from abstract 
mathematical statements.
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Plotting/drawing tools don’t solve the problem.
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abstract mathematical statements to a concrete 
visual representation.

• (Synthesis) Given a specification, specific diagrams 
are realized via numerical optimization.

Specification is encoded via domain-specific languages
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GUI-based

command line

TeX integration
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• Greater accessibility to novices 

• Separation of content and presentation

• Large-scale generation and evolution of collections
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• System design principles

• System walkthrough

• The system in action
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mathematical statements)
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Design goals for a mathematical diagramming tool

Familiarity — input should look like ordinary mathematics

Universality — should be possible to talk about any domain

Extensibility — should be possible to use any visualization

Beauty — no inherent limitation of visual sophistication

Productivity — should be easy to iterate on diagrams

Reusability — effort should be amortized across diagrams

<latexit sha1_base64="1Xf/2Z+Oj8nShwfwimAz1eKZ0x8="></latexit>



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing

GUI tools (e.g. Illustrator)



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing

GUI tools (e.g. Illustrator)

plotting tools (e.g. Mathematica)



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing

GUI tools (e.g. Illustrator)
graphical specification languages 

(e.g. TikZ)plotting tools (e.g. Mathematica)



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing

GUI tools (e.g. Illustrator)
graphical specification languages 

(e.g. TikZ)plotting tools (e.g. Mathematica)



Existing tools don’t consider the larger process

specify the mathematical idea

translate it into a visual interpretation

make a high-quality drawing

GUI tools (e.g. Illustrator)
graphical specification languages 

(e.g. TikZ)plotting tools (e.g. Mathematica)

domain-specific packages 
(e.g. GraphViz)
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General design principles for math diagramming systems

There exist sets  such that .A, B B ⊆ A

finding a satisfying diagram

potential 
solutions

objective: 
“how good  

is this 
diagram?”
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Specification Synthesis

good tool for the job: 

domain-specific languages 

+ compiler

good tool for the job: 

constrained optimization 

+ numerical solver
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Substance is compositional

Set A, B, C
B ⊂ A
C ⊂ A
B ∩ C = ∅
…

“Consider sets A, B, and C such that 
B is a subset of A,  C is a subset of A, 
and B and C don’t intersect, and …”
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Write custom code for each diagram

Style defines a domain’s visual representation

good

bad

ok

ok

Write code once for many diagrams
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Selector

Rule (e.g. make a shape)

Rule (e.g. make a constraint)

More specific selector

Rule refinement

Rule refinement
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}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}

forall Set x; Set y
where Not(Intersecting(x, y)) {
    ensure disjoint(x.shape, y.shape)
}
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A simple Style for sets & subsets

forall Set x {
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}

forall Set x; Set y
where Not(Intersecting(x, y)) {
    ensure disjoint(x.shape, y.shape)
}



defines a family 

of diagrams

A simple Style for sets & subsets

forall Set x {
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}

forall Set x; Set y
where Not(Intersecting(x, y)) {
    ensure disjoint(x.shape, y.shape)
}
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Style makes it easy to refine the visual style

x.shading = Image {
    x : x.shape.x
    y : x.shape.y
    w : x.shape.r * 2.0
    h : x.shape.r * 2.0
    path : "shading.svg"
}

x.shadow = Image {
    path : "shadow.svg"
    w : x.shape.r * 2.15
    h : x.shape.r * 2.22
    x : x.shape.x + 0.03 * x.shading.w
    y : x.shape.y - 0.051 * x.shading.h
}

x.text = Text {
    string : x.label
    color: rgba(1.0, 1.0, 1.0, 1.0)
    w: 0.5 * x.shape.r
    h: 0.5 * x.shape.r
}
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Style makes it easy to change the visual representation

Set x {
    x.shape = Text { string : x.label }
}

Set x; Set y {
   encourage repel(x.shape, y.shape, 5.0)
}

Set x; Set y
where IsSubset(x, y) {
    arrow = Arrow {
      thickness : 2.0
      color : rgba(0.0, 0.0, 0.0, 1.0)
    }

    encourage centerArrow(LOCAL.arrow, 
x.shape, y.shape)

    encourage above(y.shape, x.shape)
    encourage equal(x.shape.x, y.shape.x)
}
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Domain schemas define the mathematical environment

• There’s no way to 
anticipate every object/
idea a user might want 
to diagram…

• But users can extend the 
Substance language by 
writing Domain schemas 
that define their own 
domain-specific dialects

image credit: Martin Kuppe
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Domain schemas define abstract types & notation

Set A, B, C, D, 
    E, F, G
B ⊂ A
C ⊂ A
D ⊂ B
E ⊂ B
F ⊂ C
G ⊂ C
E ∩ D = ∅
F ∩ G = ∅
B ∩ C = ∅

input source files
.DSL .SUB .STY
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B ∩ C = ∅

type Set
predicate IsSubset : Set s1 * Set s2
predicate Intersecting : Set s1 * Set s2
predicate Not : Prop p
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type Set
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Domain schemas define abstract types & notation

Set A, B, C, D, 
    E, F, G
B ⊂ A
C ⊂ A
D ⊂ B
E ⊂ B
F ⊂ C
G ⊂ C
E ∩ D = ∅
F ∩ G = ∅
B ∩ C = ∅

type Set
predicate IsSubset : Set s1 * Set s2
predicate Intersecting : Set s1 * Set s2
predicate Not : Prop p
notation "A ⊂ B" ~ "IsSubset(A, B)"
notation "A ∩ B = ∅" ~ "Not(Intersecting(A, B))"

custom notation

purely abstract

input source files
.DSL .SUB .STY
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Building the computation graph



Building the computation graph

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}



Building the computation graph
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Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}



Building the computation graph
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Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
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}



Building the computation graph

B

(similar)

x r strokeWidthy

? ? ? 0.0

x y label

? ? “A”

A

shape text

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}

Degrees of freedom: 

A.shape.x
A.shape.y
A.shape.r
A.text.x
A.text.y

B.shape.x
B.shape.y
B.shape.r
B.text.x
B.text.y



Building the constraint graph

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}



Building the constraint graph

Set A, B
B ⊂ A
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Building the constraint graph

Set A, B
B ⊂ A
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Building the constraint graph

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}

&&

Constraints

contains

A.textA.shape

contains

B.textB.shape

contains

B.shapeA.shape

smallerThan

A.shapeB.shape

outsideOf

B.shapeA.text

“contains” gets automatically translated 
into the constraint (for circles)

|cY − cX | < rY − rX

average user never  

has to think this way!



Building the objective graph

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}



Building the objective graph

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
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Building the objective graph

Set A, B
B ⊂ A

forall Set x { -- Sets-Disks.sty
    x.shape = Circle { strokeWidth : 0.0 }
    x.text = Text { string : x.label }
    ensure contains(x.shape, x.text)
    encourage sameCenter(x.text, x.shape)
    layer x.shape below x.text
}

forall Set x; Set y
where IsSubset(x, y) {
    ensure contains(y.shape, x.shape)
    ensure smallerThan(x.shape, y.shape)
    ensure outsideOf(y.text, x.shape)
    layer x.shape above y.shape
    layer y.text below x.shape
}

+

sameCenter

A.shapeA.text

sameCenter

B.shapeB.text

Objectives

“sameCenter” gets automatically 
translated into an energy (on any shape 

with a center)

e(X, Y) := |cY − cX |2
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Diagram optimization is hard but tractable

• User-defined / unpredictable

• Objective has many local 
minima (nonconvex)

• Problem can be ill-
conditioned, highly 
constrained & heterogeneous

Why it’s hard
• Only need local minima

• Few degrees of freedom 
(10-100)

• Special problem structure 
can be exploited by solvers

Why it’s tractable
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Visualizing vectors
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Visualizing meshes

using many examples to build intuition
illustrating steps of a complex process
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Visualizing rays

handling a tricky specification
re-generating diagrams for a target platform



Performance scaling
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<latexit sha1_base64="1Xf/2Z+Oj8nShwfwimAz1eKZ0x8="></latexit>

• Separating content and visual 
representation provides new capabilities.

• The mapping from abstract objects to a 
visual representation provides rich 
semantics.

• Constrained optimization can be an 
effective general-purpose solution for 
diagram layout.

• Penrose acts as a nexus for diagram 
generation, connecting specification and 
synthesis.
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